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Abstract
We give a new characterization of generalized Ka¨hler structures in terms of their
corresponding complex Dirac structures. We then give an alternative proof of Hitchin’s
partial unobstructedness for holomorphic Poisson structures. Our main application is
to show that there is a corresponding unobstructedness result for arbitrary generalized
Ka¨hler structures. That is, we show that any generalized Ka¨hler structure may be
deformed in such a way that one of its underlying holomorphic Poisson structures
remains fixed, while the other deforms via Hitchin’s deformation. Finally, we indicate
a close relationship between this deformation and the notion of a Hamiltonian family
of Poisson structures.
Contents
1 Introduction 2
2 Notation and basic operations on Dirac structures 3
3 Gauge transformations of Poisson structures 4
4 Generalized complex and Ka¨hler structures 7
4.1 An unobstructedness for generalized complex structures . . . . . . . . 7
4.2 An unobstructedness for generalized Ka¨hler structures . . . . . . . . . 8
5 Deformations of holomorphic Poisson structures 12
5.1 Deformations of holomorphic Poisson structures . . . . . . . . . . . . . 12
5.2 Hitchin’s unobstructedness result . . . . . . . . . . . . . . . . . . . . . 13
6 Hamiltonian families and Morita equivalence 19
6.1 Real Hamiltonian families and Dirac structures . . . . . . . . . . . . . 19
6.2 Complex Hamiltonian families and Dirac structures . . . . . . . . . . . 21
7 Generalized Ka¨hler deformations 23
∗Department of Mathematics, University of Toronto; mgualt@math.toronto.edu
1
ar
X
iv
:1
80
7.
09
70
4v
1 
 [m
ath
.D
G]
  2
5 J
ul 
20
18
1 Introduction
Generalized Ka¨hler geometry, first described by Gates, Hull, and Rocˇek in [10] in
terms of a pair of complex structures (I+, I−) compatible with the same Riemannian
metric, is in some ways similar to Hyperka¨hler geometry. One of the most impor-
tant aspects of hyperka¨hler geometry is the presence of an underlying holomorphic
symplectic structure. Its counterpart in generalized Ka¨hler geometry is the pair of
holomorphic Poisson structures described by Hitchin [19] underlying any generalized
Ka¨hler manifold. In fact, as shown in [18], this structure is accompanied by a rich set
of holomorphic structures, including a pair of holomorphic Courant algebroids, each
of which contains a pair of complementary holomorphic Dirac structures.
Using this underlying structure, a construction was introduced in [16, 20] whereby
a holomorphic Poisson structure on a Fano manifold was used to deform its usual
Ka¨hler structure into a generalized Ka¨hler structure. A feature of this construction
is that the resulting pair of complex structures (I+, I−) are equivalent to the original
one; they are related by a diffeomorphism. The stability theorems of Goto [14, 13]
provided existence results for more general types of deformations than the ones above,
for example, a deformation of a Poisson Ka¨hler manifold in which the complex struc-
ture bifurcates into a pair (I+, I−) of inequivalent complex structures. Inspired by
these stability results, Hitchin observed in [21] a fundamental property of holomor-
phic Poisson structures in general: that for any closed (1, 1)-form ω and holomorphic
Poisson tensor σ, the class [σ(ω)] ∈ H1(T ) is unobstructed in the moduli space of
complex structures.
The purpose of this paper is to lift Hitchin’s unobstructedness for holomorphic
Poisson structures to arbitrary generalized Ka¨hler structures. That is, we show that
any generalized Ka¨hler structure may be deformed in such a way that one of its
underlying holomorphic Poisson structures remains fixed, while the other deforms via
Hitchin’s deformation. Our method may be applied to any of the deformations studied
in Hitchin’s paper, for instance producing a generalized Ka¨hler structure where I+ is
a Hilbert scheme of points on a Poisson surface, and I− is the nontrivial deformation
of this Hilbert scheme described by Fantechi [8]. But it can also be applied to deform
generalized Ka¨hler structures which do not fit into the framework of Goto’s stability
theorems, such as the generalized Ka¨hler structures on compact even-dimensional
semisimple Lie groups [18].
In order to explain our construction, we must recast Hitchin’s deformation and
generalized Ka¨hler geometry itself purely in terms of Dirac structures [7] and the action
of closed 2-forms on them via B-field gauge transformations. In Section 3 we recall how
Poisson structures are described as Dirac structures, and how gauge transformations
may be used to deform them, focusing on the crucial differences between the real
and holomorphic cases. In Section 4 we give a new description of generalized Ka¨hler
geometry in Dirac terms (Proposition 4.3), and provide in Theorem 4.8 a method for
deforming generalized Ka¨hler structures. To produce the deformation, the theorem
requires a real gauge equivalence between holomorphic Poisson structures; we study
these next. In Section 5 we provide an alternative proof of Hitchin’s unobstructedness
result, generalizing it slightly in Theorem 5.4 in a way suggested by [9]. In Section 6, we
observe that the Poisson deformations under consideration actually define Hamiltonian
families in the sense of Sˇevera [28]. Finally, in Section 7, we give the promised lift of
Hitchin’s unobstructedness to arbitrary generalized Ka¨hler structures (Theorem 7.1
and Corollary 7.3).
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2 Notation and basic operations on Dirac structures
Let M be a smooth manifold and H ∈ Ω3(M) a closed 3-form. Recall that a Dirac
structure is a maximal isotropic subbundle L ⊂ T⊕T ∗ of the direct sum of the tangent
and cotangent bundles of M , that is involutive for the H-twisted Courant bracket.
Here isotropy refers to the natural split-signature inner product 〈X + ξ, Y + η〉 on
T ⊕ T ∗, whereas the Courant bracket has the expression
[X + ξ, Y + η]H = LX(Y + η)− iY dξ + iY iXH. (1)
The main tool we need from the theory of Dirac structures is the notion of tensor
product of Dirac structures from [17], but it will be convenient to use additive notation.
Let L1, L2 be Dirac structures for the 3-forms H1, H2 respectively, such that they are
transverse in the sense that piT (L1) + piT (L2) = T , where piT : T ⊕ T ∗ → T is the
projection. Then their sum is defined by
L1 + L2 = {X + α+ β | X + α ∈ L1, X + β ∈ L2}, (2)
and is a Dirac structure for the 3-form H1 +H2.
We may also rescale a Dirac structure by a nonzero element λ ∈ R (or C, in the
case of complex Dirac structures in TC ⊕ TC∗) as follows:
λL = {X + λα | X + α ∈ L}. (3)
This is a Dirac structure for the 3-form λH. Because it occurs so often, we use the
difference L2−L1 to denote (−1)L1 +L2. Note that when L1, L2 are both integrable
for the 3-form H, then L2 − L1 is Dirac for the zero 3-form.
We may use the above operations to study intersections of Dirac structures, because
of the following observation:
Lemma 2.1. Let L1 and L2 be Dirac structures which are transverse in the sense
piT (L1) + piT (L2) = T . Then the anchor map defines an isomorphism
pi|L1∩L2 : L1 ∩ L2
∼= // (L2 − L1) ∩ T . (4)
Proof. An element of (L2 − L1) ∩ T is a vector X such that there exists α ∈ T ∗ such
that X +α ∈ L2 and X −α ∈ −L1, but then X +α ∈ L1 ∩L2, showing surjectivity of
the above map. But then the kernel is L∩L∩TC∗, which vanishes by the transversality
assumption.
This is most often used in the situation where L1 and L2 are complementary, i.e.
L1 ⊕ L2 = T ⊕ T ∗. In this case, L1 ∩ L2 = {0}, and so (L2 − L1) ∩ T = 0, implying
that L2 − L1 = ΓP is the graph of a (necessarily skew-symmetric) map P : T ∗ → T .
The Dirac structure ΓP is then involutive for H = 0 precisely when P ∈ C∞(∧2T ) is a
Poisson structure. This observation is a fundamental aspect of Dirac geometry [2, 25].
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Finally, we recall that closed 2-forms B ∈ Ω2(M) act as automorphisms of the
Courant bracket: the gauge transformation
eB : X + ξ 7→ X + ξ +BX, (5)
where BX = iXB, preserves both the inner product 〈·, ·〉 and the bracket [·, ·]H , and
so there is an action of closed 2-forms on Dirac structures. A useful observation is
that this action may be expressed in terms of the Dirac sum operation; for any Dirac
structure L,
eB(L) = L+ ΓB , (6)
where ΓB = {X +BX : X ∈ T} is the graph of the 2-form B; since dB = 0, ΓB is a
Dirac structure for H = 0.
The action of gauge transformations on Dirac structures is fundamental for all that
follows, as it can be used to produce deformations of any geometric structure which
can be defined in terms of Dirac structures.
3 Gauge transformations of Poisson structures
In this paper, we consistently view Poisson structures as Dirac structures. In the case
of a real Poisson structure pi ∈ C∞(∧2T ) on a real smooth manifold M , this means
that we encode pi in terms of its graph subbundle Γpi ⊂ T ⊕ T ∗, defined by
Γpi = {piξ + ξ | ξ ∈ T ∗}. (7)
As explained in [7], this subbundle Γpi is maximal isotropic for the natural split-
signature bilinear form on T ⊕ T ∗, and is involutive for the Courant bracket if and
only if pi satisfies the Jacobi identity [pi, pi] = 0.
The situation is different for a holomorphic Poisson structure, that is, a smooth
manifold M equipped with a complex structure I and a holomorphic Poisson tensor
σ ∈ H0(M,∧2T1,0) such that [σ, σ] = 0. There are two ways to view it as a Dirac
structure: we may view σ as a morphism TC
∗ → TC and take its graph Γσ ⊂ TC ⊕ TC∗
as in the real case, or, more interestingly for us, we consider the Dirac structure
Lσ = {X + σ(ζ) + ζ | X ∈ T 0,1, ζ ∈ T ∗1,0}. (8)
The advantage of the second approach is that Lσ encodes both the complex structure
and the Poisson tensor; indeed, Lσ is involutive precisely when both the complex
structure and the Poisson tensor satisfy their respective integrability conditions.
We may characterize the Dirac structures of the form (8) in the following way.
Proposition 3.1. Any complex Dirac structure L for the untwisted Courant bracket
such that TC = (L∩TC)⊕ (L∩TC) must be of the form (8), for a holomorphic Poisson
structure (I, σ).
Proof. Define the complex structure I to be such that T0,1 = L ∩ TC. Then by
the maximal isotropic condition, the projection of L to TC
∗ must coincide with the
annihilator of T0,1, i.e., T
∗
1,0. Then, for ζ1, ζ2 ∈ T ∗1,0, choose a lift ζ˜1 ∈ L of ζ1, unique
up to T0,1, and define σ(ζ1, ζ2) = 〈ζ˜1, ζ2〉, which is independent of the choice of lift. It
is then straightforward to verify that L coincides with (8).
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Two Poisson structures on the manifold M are normally considered to be isomor-
phic when there is a smooth (or holomorphic, in the complex case) automorphism of
M relating them. By viewing the Poisson structures as Dirac structures, however, we
may act on them by Courant symmetries (5), enlarging the equivalence relation as
follows. We treat the real and complex situations separately.
Definition 3.2. Real Poisson structures pi0, pi1 on M are gauge equivalent when there
is a real closed 2-form B such that
eBΓpi0 = Γpi1 . (9)
This equivalence relation, introduced in [29], holds precisely when (1 + Bpi0) is
invertible as a bundle endomorphism of T ∗ and the following identity holds:
pi1 = pi0(1 +Bpi0)
−1. (10)
From this we see that pi0, pi1 share the same image, i.e. define the same singular
foliation. As a result, they share the same kernel, which must be invariant under
(1 + Bpi0). Equation (10) may therefore be restricted to any symplectic leaf, where
pi0, pi1 are invertible, defining symplectic forms ω0, ω1, which then satisfy ω1 = ω0+ι
∗B,
where ι is the inclusion of the leaf in question. In summary, pi0, pi1 are gauge equivalent
precisely when their symplectic leaves coincide, with symplectic forms differing by a
the restriction of a global closed form.
Definition 3.3. Holomorphic Poisson structures (I0, σ0) and (I1, σ1) are gauge equiv-
alent when there is a complex closed 2-form β ∈ Ω2C such that
eβLσ0 = Lσ1 . (11)
The simplicity of the above condition is somewhat deceptive, especially because
of the fact that the underlying complex structures I0 and I1 are different as tensors
and possibly even give rise to inequivalent complex manifolds. We may analyse (11)
with the following equivalent formulation. We use the notation T1,0(Ik) and T0,1(Ik)
to denote the holomorphic and antiholomorphic tangent bundle, respectively, of the
complex structure Ik, for k = 0, 1.
Proposition 3.4. The holomorphic Poisson structures (I0, σ0) and (I1, σ1) are gauge
equivalent in the above sense if and only if there is a complex closed 2-form β ∈ Ω2C
satisfying all of the following conditions:
i) β(T0,1(I0)) ⊂ T ∗1,0(I1),
ii) (1− σ1β)(T0,1(I0)) ⊂ T0,1(I1),
iii) (1 + σ0β)(T0,1(I1)) ⊂ T0,1(I0),
iv) (σ1 − σ0 + σ1βσ0)(T ∗1,0(I0)) ⊂ T0,1(I1).
Proof. We simply express the containment eβLσ0 ⊆ Lσ1 explicitly. By definition,
X + βX ∈ eβLσ0 for all X ∈ T0,1(I0), and this is contained in Lσ1 if and only if, first,
βX lies in T ∗1,0(I1), giving condition i), and second, that X − σ1βX lies in T0,1(I1),
giving condition ii). Also from the definition, σ0ξ + ξ + βσ0ξ lies in e
βLσ0 for all
ξ ∈ T ∗1,0(I0). This section lies in Lσ1 precisely when, first, (1 + βσ0)ξ lies in T ∗1,0(I1),
which is equivalent to condition iii) by duality, and second, that σ0ξ − σ1(1 + βσ0)ξ
lies in T0,1(I1), which is condition iv). Since these two subspaces of e
β(Lσ0) span,
and since containment of maximal isotropic subspaces implies equality, we obtain the
result.
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An important special case is when β is real. Let Qi be the imaginary part of 4σi
for i = 0, 1, so that σi =
1
4 (IiQi+ iQi). Then conditions i)–iv) above are cumulatively
equivalent to the following conditions:
i) βI0 + I
∗
1β = 0,
ii) I0 − I1 = Q1β,
iii) I0 − I1 = Q0β,
iv) Q0 = Q1.
Setting F = β and Q = Q0 = Q1, we obtain the following simplified conditions, first
studied in [16]:
Proposition 3.5. The holomorphic Poisson structures (I0, σ0) and (I1, σ1) are gauge
equivalent via a real closed 2-form F ∈ Ω2R if and only if they share an imaginary part,
i.e. Q = Im(4σ0) = Im(4σ1), and the following conditions hold:
FI0 + I
∗
1F = 0,
I0 − I1 = QF.
(12)
Remarks 3.6.
1. Proposition 3.5 may be rephrased in the following way: if we fix a holomorphic
Poisson structure (I0, σ0), then the gauge transformation of Lσ0 by a real closed
2-form F ∈ Ω2R is holomorphic Poisson if and only if
FI0 + I
∗
0F = FQF. (13)
This condition is obtained from the conditions (12) by eliminating I1, but if it is
satisfied, then we may define I1 = I0−QF , obtaining a complex structure which
satisfies (12).
2. The importance of this special case (i.e. a real gauge transformation of a complex
Dirac structure) for our purposes is that it can be used to construct generalized
Ka¨hler structures. The construction given in [16], which we shall simplify and
generalize in Section 4, produces a generalized Ka¨hler structure in which one of
the two generalized complex structures is symplectic, with the above 2-form F
playing the role of the symplectic form.
3. The crucial difference between gauge transformations of real and holomorphic
Poisson structures is as follows. In the real case, given a Poisson structure pi0,
any closed 2-form B ∈ Ω2R such that (1+Bpi0) is invertible may be applied to pi0,
deforming it to the new Poisson structure pi1 given by Equation (10). Indeed,
any sufficiently small closed 2-form satisfies this condition and so it is easy to
deform Poisson structures in this way. On the other hand, in the holomorphic
case, the conditions of Proposition 3.4 impose nonlinear algebraic constraints
on the closed 2-form β. In terms of the foliation by holomorphic symplectic
leaves, we are shifting the leafwise symplectic forms by β but these must satisfy
algebraic constraints in order to remain holomorphic symplectic forms. As a
result, we require further techniques in order to solve these conditions. One such
technique is provided in [16], and in Section 7 we provide a new, more general
method which is inspired by Hitchin’s unobstructedness result for holomorphic
Poisson structures [21].
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4 Generalized complex and Ka¨hler structures
4.1 An unobstructedness for generalized complex structures
A generalized complex structure is a complex structure J on T ⊕ T ∗ whose +i-
eigenbundle L ⊂ TC ⊕ TC∗ is a complex Dirac structure for the H–twisted Courant
bracket. Indeed, generalized complex structures may be defined simply as complex
Dirac structures L satisfying L ∩ L = 0. In general, if we assume the transversality
condition piTC(L) + piTC(L) = TC, then by Lemma 2.1, the intersection L ∩ L projects
isomorphically to (L−L)∩TC, so the complex Dirac structure L defines a generalized
complex structure if and only if L∩L∩TC∗ = 0 and the following real Dirac structure,
Γpi =
1
2i (L− L), (14)
has trivial intersection with T , i.e. defines a real Poisson structure pi. This Poisson
structure is fundamental for the study of generalized complex structures: in a sense
made precise in [17, 1, 3, 4], the generalized complex structure may be viewed as a
holomorphic structure transverse to the symplectic leaves of pi.
This basic observation leads us to the following result concerning the ability to
deform generalized complex structures by complex gauge transformations.
Proposition 4.1. Fix a generalized complex structure J0, with +i eigenbundle L0
and underlying real Poisson structure pi0. Let β ∈ Ω2C be a complex closed 2-form.
Then L1 = e
βL0 defines a generalized complex structure J1 if and only if (1 + Bpi0)
is invertible, for B = Im(β). The underlying real Poisson structure pi1 of J1 is then
given by gauge transformation of pi0 by B, as in (10).
Proof. We may express L1 as a sum of Dirac structures in the sense of Section 2: if
Γβ is the graph of β, then
L1 = e
β(L0) = L0 + Γβ . (15)
The Dirac structure L1 defines a generalized complex structure if and only if L1∩L1 =
0, which by Lemma 2.1 is equivalent to the condition that
1
2i (L1 − L1) = 12i (L0 + Γβ − L0 − Γβ) = Γpi0 + ΓImβ (16)
is a Poisson structure. But this is precisely the gauge transformation eBΓpi0 , which is
Poisson if and only if (1 +Bpi0) is invertible. Under this condition, Equation 10 gives
the expression for this Poisson structure, as required.
The above result may be recast as an unobstructedness result for deformations
of generalized complex structures. As explained in [17], infinitesimal deformations of
generalized complex structures up to equivalence are given by the second Lie algebroid
cohomology H2L of the Dirac structure L. The projection piT : L → TC induces a
pullback morphism pi∗T : H
2(M,C)→ H2L, with the following property.
Corollary 4.2. On a compact manifold, any infinitesimal deformation of the general-
ized complex structure J which lies in the image of the pullback map pi∗T : H2(M,C)→
H2L is unobstructed.
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Proof. For any class [β] ∈ H2(M,C), choose a representative β ∈ Ω2C and define
the family {Lt = etβL}t∈C of complex Dirac structures. If M is compact, then for
t sufficiently small the condition of Proposition 4.1 is satisfied, implying Lt ∩ Lt =
0, so that we obtain a family of generalized complex structures parametrized by a
neighbourhood of 0 ∈ C. Taking the derivative at t = 0, we obtain the required
deformation direction
[ ddtLt]
∣∣
t=0
= pi∗T ([β]). (17)
4.2 An unobstructedness for generalized Ka¨hler structures
We now describe the main idea of the paper: an analog of the above unobstructedness
result for generalized Ka¨hler structures. A generalized Ka¨hler structure is a pair
(J1, J2) of commuting generalized complex structures such that G = −J1J2 is positive-
definite, in the sense that 〈Gu, u〉 > 0 for all u 6= 0 in T ⊕ T ∗.
Our first task is to recast the generalized Ka¨hler condition on (J1, J2) in terms
of the corresponding pair of complex Dirac structures (L1, L2). The commutation
condition J1J2 = J2J1 is equivalent to the fact that each J1 eigenbundle decomposes
into a direct sum of J2 eigenbundles, that is,
L1 = (L1 ∩ L2)⊕ (L1 ∩ L2) = `+ ⊕ `−, (18)
where we define `+ = L1 ∩ L2 and `− = L1 ∩ L2. As a result we obtain the following
decomposition:
TC ⊕ TC∗ = `+ ⊕ `− ⊕ `+ ⊕ `−. (19)
The positive-definiteness of G is then equivalent to the condition that `+⊕`+ = V+⊗C
for a positive-definite subspace of V+ ⊂ T ⊕ T ∗.
Proposition 4.3. The pair of complex Dirac structures (L1, L2) defines a generalized
Ka¨hler structure if and only if it satisfies all of the following conditions:
i) L1 is transverse to L1, i.e., piTC(L1) + piTC(L1) = TC, and similarly for L2.
ii) The real Dirac structures
Γpi1 =
1
2i (L1 − L1), Γpi2 = 12i (L2 − L2), (20)
define real Poisson structures, i.e. Γpi1 ∩ T = Γpi2 ∩ T = 0.
iii) The complex Dirac structures
Lσ+ =
1
2i (L1 − L2), Lσ− = 12i (L1 − L2), (21)
define holomorphic Poisson structures (I+, σ+), (I−, σ−) respectively, i.e. TC =
(Lσ+ ∩ TC)⊕ (Lσ+ ∩ TC) and TC = (Lσ− ∩ TC)⊕ (Lσ− ∩ TC).
iv) For all nonzero u ∈ L1 ∩ L2, we have 〈u, u〉 > 0.
Proof. We first show that conditions i)-iv) imply the generalized Ka¨hler conditions.
By Lemma 2.1, conditions i) and ii) are equivalent to the conditions L1 ∩L1 = 0 and
L2 ∩ L2 = 0, which are necessary and sufficient for L1, L2 to define a pair (J1, J2)
of generalized complex structures. By Proposition 3.1, the Dirac sum 12i (L1 − L2) is
holomorphic Poisson if and only if its intersection with TC is the −i eigenspace of a
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complex structure. Lemma 2.1 then identifies this intersection with `+ = L1 ∩ L2,
which must therefore have half the rank of L1. Repeating this argument with
1
2i (L1−
L2), we obtain another half-rank subbundle `− = L1 ∩L2. The condition L2 ∩L2 = 0
then implies that L1 = `+ ⊕ `−, so that conditions i), ii) and iii) imply that (L1, L2)
define a commuting pair of generalized complex structures (J1, J2). The final condition
iv) then implies that the real subbundle V+ ⊂ T ⊕ T ∗ defined by V+ ⊗ C = `+ ⊕ `+
is positive definite, and since `+ has half the rank of TC, this means that V+ is a
maximal positive-definite subbundle of T ⊕ T ∗, which finally implies that G = −J1J2
is positive-definite, as required. The converse, i.e. the fact that a generalized Ka¨hler
structure satisfies the conditions i)–iv), is straightforward and shown in [18].
Remarks 4.4.
1. As explained in [18], the holomorphic Poisson structures occurring in (21) co-
incide (up to a 2i rescaling which will be convenient for us below) with the
holomorphic Poisson structures described by Hitchin [19], which play a central
role in generalized Ka¨hler geometry. The observation of Proposition 4.3 is that
these Poisson structures encode the fact that J1, J2 commute.
2. If conditions (21) are satisfied pointwise, they imply the transversality of the
pairs (L1, L1), (L2, L2), (L1, L2), and (L1, L2) relative to TC, so there is no
question that the Dirac sums are well-defined as Dirac structures. Furthermore,
this shows that condition i) is unnecessary in the Theorem.
3. Expressions (20) and (21) make several relationships between the real and holo-
morphic Poisson structures transparent. For example, (21) implies that we have
the coincidence of imaginary parts Im(σ+) = Im(σ−), due to the following equal-
ity of Dirac structures:
ΓIm(σ+) =
1
2i (Lσ+ − Lσ+) = 12i (Lσ− − Lσ−) = ΓIm(σ−). (22)
4. Conditions i), ii), and iv) are open conditions and so remain true under small
deformations, whereas iii) is not. Assuming iii) holds, condition ii) gives rise to
a nondegenerate (but possibly indefinite) generalized Ka¨hler metric. Condition
iv) is needed for the positive-definiteness of this metric. It is often useful to
consider degenerate generalized Ka¨hler structures, where iii) alone holds.
Definition 4.5. A degenerate generalized Ka¨hler structure is a pair (L1, L2) of com-
plex Dirac structures such that Lσ± , as in (21), define holomorphic Poisson structures.
We now extend Proposition 4.1 to the generalized Ka¨hler setting, where we have
a pair (L1, L2) satisfying the conditions of Proposition 4.3. Let β1, β2 be a pair of
closed complex 2-forms, defining deformations
L′1 = e
β1L1 L
′
2 = e
β2L2. (23)
The main question is: when do these deformed Dirac structures satisfy the conditions
of Proposition 4.3, thereby defining a deformation of generalized Ka¨hler structure? For
sufficiently small β1, β2, conditions i) and ii) remain true. We must check condition
iii):
1
2i (L
′
1 − L′2) = 12i (L1 − L2) + (Γβ1/2i − Γβ2/2i) = e
1
2i (β1−β2)Lσ+ ,
1
2i (L
′
1 − L
′
2) =
1
2i (L1 − L2) + (Γβ1/2i − Γβ2/2i) = e
1
2i (β1−β2)Lσ− .
(24)
9
From this calculation we see how the complex gauge transformations (23) of L1, L2
give rise to corresponding complex gauge transformations of Lσ+ and Lσ− , by β+ =
1
2i (β1 − β2) and β− = 12i (β1 − β2), respectively. The map (β1, β2) → (β+, β−) is not
an isomorphism; indeed, β± have the same imaginary parts, as expected from (22),
and are not affected by shifting both β1, β2 by a real 2-form. Therefore, given β± with
coincident imaginary parts, we may lift these uniquely to (β1, β2) with opposite real
parts, giving the following result.
Proposition 4.6. Let (L1, L2) be a degenerate generalized Ka¨hler structure, i.e. a pair
of complex Dirac structures such that Lσ+ , Lσ− , defined by (21), define holomorphic
Poisson structures. Let β± = F± + iB be closed 2-forms with coincident imaginary
parts that define new holomorphic Poisson structures via the gauge transformations
L′σ+ = e
β+Lσ+ , L
′
σ− = e
β−Lσ− . (25)
Then this deformation lifts to the generalized Ka¨hler structure: defining β1 = −B +
i(F− + F+) and β2 = B + i(F− − F+), the pair
L′1 = e
β1L1, L
′
2 = e
β2L2 (26)
defines a degenerate generalized Ka¨hler structure with underlying holomorphic Poisson
structures (25).
We present two applications of this result: first we show how to recover the con-
struction of generalized Ka¨hler structures in [16], and then we present the more general
deformation result.
Example 4.7. Let (I, σ) be a holomorphic Poisson structure. Consider the following
smooth family of pairs of complex Dirac structures parametrized by t ∈ R:
L1(t) = 2iLtσ, L2(t) = TC. (27)
This is a family of degenerate generalized Ka¨hler structures, since
Lσ+ =
1
2i (L1 − L2) = Ltσ, Lσ− = 12i (L1 − L2) = Ltσ (28)
is indeed a pair of holomorphic Poisson structures.
We now deform this pair using the method described in [16], as follows. Let
ω ∈ Ω1,1(M,R) and V a real vector field satisfying the system
LV I = Qω,
LVQ = 0,
(29)
for Q = Im(4σ) . For example, for any f ∈ C∞(M,R) we may take ω = ddcf and
V = −Qdf to be the associated Hamiltonian vector field. Let ϕt be the time-t flow of
V , and
F˜ (t) =
∫ t
0
ϕs(ω)ds. (30)
As explained in [16], this defines a gauge transformation between (I, σ) on the one
hand and (It, σt) = (ϕt(I), ϕt(σ)) on the other. In terms of Dirac sums, we have
Lσ + ΓF˜ (t) = Lσt . (31)
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Since F˜ (0) = 0, we may define F (t) = t−1F˜ (t), and if we scale the above Dirac
structures by t−1, we obtain
Ltσ + ΓF (t) = Ltσt . (32)
Finally, applying Proposition 4.6 with B = 0, F+ = 0, and F− = F (t), we obtain the
following family of degenerate generalized Ka¨hler structures
L′1(t) = e
iF (t)Ltσ/2i, L
′
2(t) = e
iF (t)L2(t) = ΓiF (t). (33)
Now observe that L′1(0) = T0,1⊕T ∗1,0 and F (0) = ω; if we choose ω to be a Ka¨hler form,
then (L′1(0), L
′
2(0)) is a genuine Ka¨hler structure. As a result, for sufficiently small
t, the open conditions i), ii) and iv) of Proposition 4.3 continue to hold, defining
a deformation of generalized Ka¨hler structure. By construction, the corresponding
holomorphic Poisson structures are then given by L′σ+ = Ltσ and L
′
σ− = Ltσt . That
is, (I+, σ+) = (I, tσ) remains unchanged while (I−(t), σ−(t)) = (ϕt(I), tϕt(σ)) is given
by the flow ϕt. 
The above construction, in which a Ka¨hler structure is deformed to a generalized
Ka¨hler structure in such a way that the complex structures I± are different but related
by a diffeomorphism, is at the heart of the constructions given in [20] and [16]. It
relies on finding a solution to the system (29); in particular, the first equation LV I =
Qω may be solved if and only if the cup product σ · [ω] ∈ H1(T ) vanishes. As
explained in [16], a solution to (29) is provided by any rank one Poisson module over
a holomorphic Poisson manifold; Because the anticanonical line bundle of a Poisson
manifold is always a Poisson module, we see that the above construction may be
implemented on any Poisson Fano variety.
Taking inspiration from the previous example, we now explain how an arbitrary
generalized Ka¨hler structure may be deformed, assuming that one is given a gauge
transformation of one of the underlying holomorphic Poisson structures, as in Propo-
sition 3.5. Importantly, we will not assume that this gauge transformation derives
from a solution to the system (29); later we will see that it may instead involve a class
[ω] for which σ · [ω] ∈ H1(T ) is nonzero, indicating a nontrivial deformation of the
underlying complex structure.
Theorem 4.8. Let (L1, L2) be the pair of complex Dirac structures defining a gener-
alized Ka¨hler structure as in Proposition 4.3, and let {Ft ∈ Ω2R}t∈R be a smooth family
of real closed 2-forms with F0 = 0 and such that e
FtLσ+ is a family of holomorphic
Poisson structures. Then the deformation
(L′1(t), L
′
2(t)) = (e
iFtL1, e
−iFtL2) (34)
is generalized Ka¨hler for t sufficiently small, with corresponding holomorphic Poisson
structures
L′σ+(t) = e
FtLσ+ , L
′
σ−(t) = Lσ− . (35)
Furthermore, if pi1, pi2 are the real Poisson structures underlying L1, L2, then the fam-
ily (34) is generalized Ka¨hler in the maximal open interval containing 0 in which both
(1 + Ftpi1) and (1 + Ftpi2) are invertible.
Proof. We simply verify conditions i)–iv) in Proposition 4.3 for the pair (L′1, L
′
2). In
fact, by the second remark following the theorem, i) follows from ii) and iii), so we
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focus on the latter two. Condition ii) requires that 12i (L
′
1 − L
′
1) is Poisson. But this
is given by
1
2i (L
′
1 − L
′
1) =
1
2i (L1 − L1) + 12i (ΓiFt − Γ−iFt) = eFtΓpi1 , (36)
which is Poisson precisely when (1 + Ftpi1) is invertible. The same condition for L
′
2
shows that i) is satisfied in the required interval around zero. Condition iii) is verified
by assumption, in the sense that Ft is assumed to have the property that
L′σ+ =
1
2i (L
′
1 − L′2) = Lσ+ + 12i (ΓiFt − Γ−iFt) = eFtLσ+ (37)
remains holomorphic Poisson (L′σ− = Lσ− remains unchanged). Finally, the positivity
condition iv): as long as conditions i), ii), iii) hold, we have a decomposition
TC ⊕ TC∗ = `+ ⊕ `− ⊕ `+ ⊕ `−, (38)
where `+ = L
′
1 ∩ L′2 and `− = L′1 ∩ L
′
2. Since L
′
1, L
′
2 are maximal isotropic, `
⊥
+ =
L1 + L2 = `+ ⊕ `− ⊕ `−, and so the pairing 〈·, ·〉 : `+ × `+ → C is perfect, giving
a nondegenerate symmetric bilinear form to the real space V+ defined by V+ ⊗ C =
`+⊕`+. Since we are assuming that this is positive-definite at t = 0, continuity implies
it will be positive-definite on the interval for which i), ii) and iii) hold, as claimed.
Theorem 4.8 lifts a gauge transformation of the Poisson structure σ to a defor-
mation of any generalized Ka¨hler structure having σ as one of its underlying Poisson
structures. In the next section we explain how to obtain such gauge transformations
in the first place.
5 Deformations of holomorphic Poisson structures
Let (I, σ) be a holomorphic Poisson structure on the smooth manifold M . In this
section we are interested in the deformation theory of such structures.
5.1 Deformations of holomorphic Poisson structures
As we saw in Section 3, the pair (I, σ) defines, and is determined by, the complex
Dirac structure Lσ. A natural Dirac structure transverse to this one and independent
of the Poisson structure is
N = T1,0 ⊕ T ∗0,1. (39)
The Courant bracket on sections of N , given by [X+ξ, Y +η] = [X,Y ]+ iX∂η− iY ∂ξ,
extends to a graded Lie bracket (also denoted by [·, ·]) on sections C∞(M,∧•N) =
⊕p,qΩ0,q(∧pT1,0). The canonical inner product on T⊕T ∗ identifies N with L∗σ, so that
the de Rham complex associated to the Lie algebroid Lσ provides the above graded
Lie algebra with a differential, namely dσ = ∂ + ∂σ, where ∂σψ = [σ, ψ], making the
following a differential graded Lie algebra:(⊕
p,q
Ω0,q(∧pT1,0), dσ = ∂ + ∂σ, [·, ·]
)
. (40)
Obtaining a differential graded Lie algebra from a pair of transverse Dirac structures
is a standard result of [24], where it is also explained that Maurer-Cartan elements
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describe deformations of the original Dirac structure in question. In our case, an
element
 = ρ+ φ+ γ ∈ Ω0,0(∧2T1,0)⊕ Ω0,1(T1,0)⊕ Ω0,2 (41)
that satisfies the Maurer-Cartan equation dσ +
1
2 [, ] = 0 describes the following
deformation of Lσ:
Lσ = {X + φX + γX + σζ + ρζ + ζ − φ∗ζ : X ∈ T0,1, ζ ∈ T ∗1,0}. (42)
Such a general deformation will, however, not necessarily define a holomorphic Poisson
structure; instead, it describes (for  sufficiently small) the complex Dirac structure
underlying a generalized complex structure. For the deformation to remain holomor-
phic Poisson, it is necessary and sufficient that γ, the component of the deformation
lying in Ω0,2, vanish. Indeed (see [11, Appendix A]), deformations of holomorphic
Poisson structure are controlled by the p ≥ 1 truncation of the differential graded Lie
algebra (40).
Proposition 5.1 ([11, Appendix A]). Deformations of the pair (I, σ) are controlled
by the p ≥ 1 truncation of the dgLa (40), i.e. (Ω0,•(∧≥1T1,0), dσ, [·, ·]).
Therefore, deformations of (I, σ) are given by sections  = ρ+φ as in (41), satisfying
the Maurer-Cartan equation, which decomposes into three parts:
∂φ+ 12 [φ, φ] = 0 (43)
∂ρ+ ∂σφ+ [ρ, φ] = 0 (44)
∂σρ+
1
2 [ρ, ρ] = 0 (45)
To first order, therefore, a deformation of holomorphic Poisson structure is given
by a solution to the linearized system
∂φ = 0 ∂ρ+ ∂σφ = 0 ∂σρ = 0. (46)
Identifying infinitesimal deformations when they differ by an infinitesimal diffeomor-
phism, we obtain an expression for the tangent space to the moduli space M of
deformations of holomorphic Poisson structure:
T[(I,σ)]M = {ρ+ φ : dσ(ρ+ φ) = 0}{dσY : Y ∈ Ω0,0(T1,0)} = H
1(X≥1[1]), (47)
where the last expression uses the notation of hypercohomology for a complex of
sheaves: X≥1[1] denotes the truncated complex of holomorphic multivector fields:
X≥1[1] = X1
∂σ // X2 // · · · , Xk = O(∧kT1,0). (48)
5.2 Hitchin’s unobstructedness result
We now review and generalize some results of [21], relaxing certain hypotheses as
suggested by [9]. We focus on Hitchin’s unobstructedness result, which states that on
a compact holomorphic Poisson manifold, Kodaira-Spencer classes in the image of the
map [σ] : H1(M,Ω1)→ H1(M,T ) induced by the Poisson tensor σ are unobstructed,
assuming that the natural map H2(M,C)→ H2(M,O) is surjective. We observe that
the mechanism behind the proofs given in [21, 9] depends on two basic facts.
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First, the projection pi : Lσ → TC, the anchor of the Lie algebroid Lσ, has dual
pi∗ : TC∗ → L∗σ ∼= N given by
pi∗ = −σ ⊕ id : T ∗1,0 ⊕ T ∗0,1 → T1,0 ⊕ T ∗0,1, (49)
inducing the following dgLa homomorphism:(⊕p,qΩp,q(M), d = ∂ + ∂, [·, ·]σ) ⊕p∧ppi∗−−−−−→ (⊕p,qΩ0,q(∧pT1,0), dσ = ∂ + ∂σ, [·, ·]) .
(50)
The domain of this morphism is the dgLa defined by the complexified de Rham com-
plex of M , equipped with the Koszul bracket [·, ·]σ, given on 1-forms ξ, η ∈ Ω1C by
[ξ, η]σ = −(Lσξη−Lσηξ−dσ(ξ, η)). This fact, first shown in [22, §6.6], may be seen as
follows. That pi∗ commutes with differentials follows from dualizing the Lie algebroid
morphism pi :  Lσ → TC. On the other hand, the fact that pi∗ is bracket-preserving
follows from the fact that TC
∗ may be identified with the Dirac structure Γ−σ =
{−σ(η) +η : η ∈ TC∗}, from which it inherits the bracket [·, ·]σ. Since Γ−σ = N −Lσ,
it has a natural Lie algebroid morphism to N given by −σ(ζ) + ζ 7→ −σ(ζ) + ζ0,1,
which coincides with pi∗ after the identification TC∗ ∼= L−σ.
The significance of this first fact is that we may produce a Poisson deformation by
first solving the Maurer-Cartan equation for ω ∈ Ω(2,0)+(1,1)C , namely
dω + 12 [ω, ω]σ = 0, (51)
and then transport it to the Poisson deformation complex via pi∗, obtaining the Poisson
deformation
ρ = ∧2σ(ω2,0), φ = −σ(ω1,1). (52)
The second crucial fact concerns solving the Maurer-Cartan equation (51). As
observed by Koszul [23], the Koszul bracket [·, ·]σ satisfies a Bogomolov-Tian-Todorov
lemma, meaning that it can be computed in terms of the operator δσ = iσd− diσ via
the derived bracket formula:
[α, β]pi = α ∧ δσ(β)− (−1)kδσ(α ∧ β) + (−1)kδσ(α) ∧ β, (53)
where α has degree k and β is of arbitrary degree.
The strategy employed in [21], then, is to use the Tian-Todorov lemma (53) to
construct a solution to (51) with prescribed first-order part (ω(0) = 0 and ω˙(0) = ω1,
an arbitrary closed form with vanishing (0, 2) part) and then transport it via (52) to
a Poisson deformation with underlying Kodaira-Spencer class [σ(ω1,11 )], as required.
We now provide an alternative proof of this result which will be useful for our
application to generalized Ka¨hler structures. We may motivate our approach as fol-
lows. In [9], the derived bracket formula (53) is used to prove a stronger result: the
dgLa defined by the Koszul bracket on the de Rham complex is in fact formal, that
is, it receives a L∞ quasi-isomorphism ψ = (ψ1, ψ2, . . .) from the de Rham complex
equipped with the zero bracket. This immediately implies that a solution to the linear
Maurer-Cartan equation dβ = 0 is taken by ψ to a solution
ω = ψ(β) = ψ1(β) +
1
2ψ2(β, β) +
1
3!ψ3(β, β, β) + · · · (54)
to the nonlinear Maurer-Cartan equation (51). In [15, Theorem 4.2] it is shown that
the formality map (54) given in [9] has the following geometric description: so long
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as (1 + σβ) is invertible, the graphs Γβ ,Γ−σ in TC ⊕ TC∗ are complementary Dirac
structures. Therefore Γβ may be described as the graph of a map ω : TC → Γ−σ.
Identifying Γ−σ ∼= TC∗, we see that ω defines a complex 2-form, and this is precisely
ψ(β). That is, ω is the unique complex 2-form such that
Γβ = {X − σ(ωX) + ωX : X ∈ TC}. (55)
The Maurer-Cartan equation for ω is then precisely the integrability of the Dirac
structure (55), which of course holds if and only if dβ = 0. We may use the above
expression to solve for ω; we obtain
ψ(β) = ω = (1 + βσ)−1β = β − βσβ + βσβσβ + · · · . (56)
Comparing this with the formality map (54), we see that 1k!ψk(β, · · · , β) = (−βσ)kβ.
We summarize the formality discussion as follows:
Lemma 5.2. Let β ∈ Ω2C such that dβ = 0. Then, so long as 1 + βσ : TC → TC is
invertible, the 2-form given by
ω = ψ(β) = (1 + βσ)−1β = β − βσβ + βσβσβ + · · · (57)
is a solution to the Maurer-Cartan equation
dω + 12 [ω, ω]σ = 0. (58)
This means that we can supplement the above strategy, first solving dβ = 0, map-
ping it to a Maurer-Cartan element ω = ψ(β) and finally to a deformation pi∗(ψ(β))
of Lσ, composing the following morphisms.
(Ω•, d, 0)
ψ
// (Ω•, d, [·, ·]σ) pi
∗
// (X•, dσ, [·, ·]) (59)
Given the ideas in Section 3, it is no surprise that a closed 2-form β may be used
to deform a Poisson structure; indeed, we now show that deforming Lσ by pi
∗(ψ(β))
is equivalent to applying the gauge transformation β:
Theorem 5.3. Let β ∈ Ω2C such that dβ = 0, and suppose that 1 + βσ is invertible.
Then, the Maurer-Cartan element pi∗(ψ(β)) deforms Lσ to eβLσ. That is, on Maurer-
Cartan elements, the composition (59) defines a gauge transformation of the Dirac
structure Lσ.
Proof. We must show that the deformation of Lσ given by the Maurer-Cartan element
pi∗(ω) describes precisely the deformation eβLσ. First note that eβLσ = Lσ + Γβ .
Then, using (55), we have that
eβLσ = {`+ ξ : ξ = ω(pi`+ σξ)}. (60)
We wish to show that this Dirac structure is the graph of the Maurer-Cartan element
pi∗(ω); as a map this element is the composition pi∗ωpi : Lσ → N . Splitting ` + ξ
according to the decomposition Lσ ⊕N , we obtain
`+ ξ = (`+ σξ1,0 + ξ1,0) + (−σξ1,0 + ξ0,1), (61)
and using (60), we verify that this lies in the graph of pi∗ωpi:
pi∗ωpi(`+ σξ1,0 + ξ1,0) = −σξ1,0 + ξ0,1, (62)
as required to show eβLσ is the graph of the Maurer-Cartan element pi
∗(ω).
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The main problem with the idea of composing the morphisms in (59) to obtain
Poisson deformations is that while pi∗ preserves the Hodge filtration, ψ does not. That
is, ψ(β)0,2 may not vanish even if β0,2 = 0. In order to guarantee that we may always
modify β so as to kill the (0, 2) component of ψ(β), we assume that the natural map
H2(M,C) → H2(M,O) is surjective. We now show that this is enough to produce
Maurer-Cartan elements in the truncated Koszul dgLa.
Theorem 5.4. Let (M, I, σ) be a a compact holomorphic Poisson manifold for which
the natural map H2(M,C) → H2(M,O) is surjective, and fix ω1 ∈ Ω2(M,C) such
that
ω0,21 = 0 and dω1 = 0. (63)
Then there is a family β(t) of closed complex 2-forms, holomorphic in t, for t in a
neighbourhood of 0 ∈ C, with β(0) = 0, ∂tβ(0) = ω1, and with the property that
ω(t) = ψ(β(t)) = (1 + β(t)σ)−1β(t) satisfies, for each t, the conditions
ω0,2 = 0 and dω + 12 [ω, ω]σ = 0. (64)
Therefore we obtain a family of Maurer-Cartan elements
(t) = ρ(t) + φ(t) = ∧2σ(ω2,0(t))− σ(ω1,1(t)), (65)
defining a deformation of the holomorphic Poisson structure.
Proof. We construct a time-dependent family β = tβ1 + t
2β2 + · · · of closed 2-forms
such that ψ(β)0,2 = 0. The fact that pi∗(ψ(β)) is a Maurer-Cartan element has already
been explained: (50) is a dgLa homomorphism. We use β≤k to denote the truncation
tβ1 + · · ·+ tkβk of β to order k.
We begin by setting β1 = ω1, so that ψ(β)
0,2 = (tω1)
0,2 = 0 (mod t2). Now
assume by induction that β1, . . . , βk are closed 2-forms chosen such that ψ(β)
0,2 = 0
(mod tk+1). We show how βk+1 can be chosen so that ψ(β)
0,2 vanishes to the next
order.
Since ψ(β)0,2 = 0 (mod tk+1), we have that
ψ(β≤k)0,2 = tk+1rk+1 (mod tk+2), (66)
for rk+1 ∈ Ω0,2. But since β≤k is closed, ψ(β≤k) satisfies the Maurer-Cartan equation,
which implies that ∂rk+1 = 0, defining a class in H
2(M,O). Finally, we have
ψ(β)0,2 = tk+1(rk+1 + β
0,2
k+1) (mod t
k+2), (67)
so that the surjectivity of H2(M,C) → H2(M,O) allows the choice of a closed form
βk+1 such that ψ(β)
0,2 = 0 (mod tk+2). We make this choice as follows: choose a
Hermitian metric as well as a splitting H ⊂ H2(M,C) for the projection to H2(M,O),
and let r˜k+1 ∈ Ω2(M,C) be the unique harmonic lift of rk+1 such that [r˜k+1] ∈ H.
Then
r˜0,2k+1 − rk+1 = ∂γk+1 (68)
for a unique γk+1 ∈ Ω0,1 in the image of ∂∗. Then define βk+1 = −r˜k+1 + dγk+1.
Finally, standard elliptic estimates may be used to conclude, as in [26, 13], that the
series β(t) =
∑
k t
kβk converges.
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Differentiating (65) at t = 0, we obtain a map of cohomology groups for the p ≥ 1
truncations of the complexes appearing in (50). In terms of hypercohomology, we have
the homomorphism
H1(Ω≥1[1]) σ // H1(X≥1[1])
[ω1]
 //
∈
[∧2σ(ω2,01 )− σ(ω1,11 )]
∈
(69)
In the above diagram, Ω≥1[1] denotes the truncated holomorphic de Rham complex:
Ω≥1[1] = Ω1 d // Ω2 // · · · , Ωk = O(∧kT ∗1,0). (70)
Projecting each complex to its first position, we obtain the natural induced map
H1(Ω1)
σ // H1(T )
[ω1,11 ]
 //
∈
[−σ(ω1,11 )]
∈ (71)
the unobstructedness of whose image was the focus of [21]:
Corollary 5.5. Any first-order deformation of the compact holomorphic Poisson man-
ifold (M, I, σ) in the image of the map (69) is unobstructed. In particular, any first-
order deformation of the underlying complex structure in the image of (71) is unob-
structed.
The proof of Theorem 5.4 gives some information about the behaviour of the
cohomology class [β(t)] in the construction of the deformation. As done in the proof,
if we choose a splitting H ⊂ H2(M,C) of the map pi : H2(M,C) → H2(M,O), then
β(t) can be chosen so that [β(t) − tω1] ∈ H. In particular, if H2(M,O) = {0},
we obtain the following generalization of [21, Proposition 7] (where the result was
obtained for a generically symplectic Poisson structure).
Corollary 5.6. If H2(M,O) = {0}, then in Theorem 5.4, we may choose β(t) such
that [β(t)] = t[ω1] in H
2(M,C), producing a linear dependence on t for the periods of
all of the holomorphic symplectic leaves of the resulting family of holomorphic Poisson
structures.
We now give an example where the periods of the deformation do not vary linearly
but instead quadratically.
Example 5.7 (Twistor family of a hyperkahler manifold). Let (M, g, I1, I2, I3) be a hy-
perkahler manifold, with triple of Ka¨hler forms (ω1, ω2, ω3). Consider the holomorphic
Poisson structure (I1, σ1) inverse to the holomorphic symplectic form Ω1 = ω2 + iω3:
σ1 =
1
4 (ω
−1
2 − iω−13 ). (72)
We may then apply Theorem 5.4 to the (1, 1) form 2iω1, obtaining an unobstructed
deformation in the direction 2iσ1(ω1). In the construction of the closed form β =
tβ1 + t
2β2 + · · · something very special occurs: the first remainder term is actually
closed:
r2 = (2i)
2ω1σ1ω1 = −ω2 + iω3 = −Ω1. (73)
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As a result, we may simply take β2 = Ω1. Then because σ1ω1σ1 = 0 and σ1β2 =
β2σ1 = 0, there are no higher terms in ψ(β)
0,2 to cancel. So we have a solution which
terminates at the quadratic term:
β(t) = 2itω1 + t
2Ω1. (74)
This family is very familiar: we may describe it in terms of the inverse family of
holomorphic symplectic structures:
Ω(t) = Ω1 + 2itω1 + t
2Ω1, (75)
which is the standard twistor family associated to the hyperkahler manifold. 
We shall study the properties of the Poisson deformation given by Theorem 5.4 in
the next section, and then apply it to the construction of generalized Ka¨hler structures
in Section 7. To conclude this section, we use the techniques of [15] to describe
explicitly the new holomorphic Poisson structure obtained by applying the deformation
(t) = ρ(t) + φ(t) given in (65).
Recall that the dgLa (40) controlling Poisson deformations derives from the pair of
transverse Dirac structures (Lσ, N) defined in (3.1), (39). The Maurer-Cartan element
 = ρ+ φ deforms Lσ to
Lσ = {X + φX + σζ + ρζ + ζ − φ∗ζ : X ∈ T0,1, ζ ∈ T ∗1,0}. (76)
Since Lσ is still transverse to N , it induces a modification of the differential in (40),
namely
dσ = (∂ + [φ, ·]) + (∂σ + [ρ, ·]), (77)
yielding the usual interpretation of the Maurer-Cartan equation as the condition
(dσ)
2 = 0 for a new differential graded Lie algebra:(⊕
p,q
Ω0,q(∧pT1,0), dσ, [·, ·]
)
. (78)
The first equation (43) is familiar from the deformation theory of complex struc-
tures, and holds if and only if the complex distribution
Tφ0,1 = {X + φX : X ∈ T0,1} (79)
is involutive. As long as (1 − φφ) is invertible, this defines the −i-eigenspace of a
new complex structure (and we use Tφ1,0 to denote its +i-eigenspace). Rewriting L

σ
in terms of the new complex structure, we obtain
Lσ = {X + σ˜ξ + ξ : X ∈ Tφ0,1, ξ ∈ (Tφ1,0)∗}, (80)
where the deformed Poisson tensor σ˜ is given by
σ˜ = ∧2Pφ1,0(σ + ρ), (81)
where Pφ1,0 is the projection operator on TC with kernel T
φ
0,1 and image T
φ
1,0. This
gives an explicit description of the deformed Poisson tensor as the (2, 0) component
of σ + ρ relative to the new complex structure.
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Just as N is transverse to Lσ, so too we have that Nφ, defined below, is transverse
to Lσ:
Nφ = T
φ
1,0 ⊕ (Tφ0,1)∗. (82)
Therefore, using the new complex structure and Poisson bivector, we obtain, just as
in (40), a differential graded Lie algebra structure on sections of ∧•Nφ:(⊕
p,q
Ω0,qφ (∧pTφ1,0), dσ˜ = ∂φ + ∂σ˜, [·, ·]
)
, (83)
where ∂φ is the Dolbeault operator in the new complex structure.
There are two key observations about the relationship between the dgLas (78)
and (83). The first is that, since both N and Nφ are transverse to (hence dual to) L

σ,
they are naturally isomorphic via the map Ψ : T1,0 ⊕ T ∗0,1 → Tφ1,0 ⊕ (Tφ0,1)∗, given by
Ψ =
(
Pφ1,0 P
φ
1,0(σ + ρ)(P
φ
0,1)
∗
0 (Pφ0,1)
∗
)
(84)
As a result, Ψ induces an isomorphism of cochain complexes from (78) to (83). The
second is that this isomorphism need not be bracket-preserving; indeed, in [15] it
is explained that Ψ is the first in a sequence of maps defining an L∞ isomorphism
between the two dgLas.
Furthermore, while Ψ does not respect the bigrading of each dgLa, it does, due to
the upper-triangular expression (84), respect the decreasing filtration in the p index
analogous to the Hodge filtration. This allows us to reason about the geometry of the
deformed holomorphic Poisson structure using the modified differential on the original
Dolbeault complex (78). For example, a function f is holomorphic in the new complex
structure, i.e. ∂φf = 0, if and only if ∂f + [φ, f ] = 0. Also, if Z ∈ Ω0,0(T1,0) satisfies
∂Z + [φ,Z] = 0, then Zφ = P
φ
1,0(Z) is holomorphic in the new complex structure, and
if, in addition, [σ+ ρ, Z] = 0, so that dσZ = 0, then Zφ is a Poisson vector field for σ˜.
6 Hamiltonian families and Morita equivalence
In this section, we explain that the deformations of holomorphic Poisson structure
constructed in the previous section may be characterized as Hamiltonian families,
introduced by Sˇevera [27, 28] in the real Poisson category. We also show how this
implies that the deformations of Poisson structure remain in the same Morita equiv-
alence class. As this section is not needed for our main results in Section 7, we will
omit details, which we hope will appear elsewhere.
6.1 Real Hamiltonian families and Dirac structures
Let pi0 be a real Poisson structure on M , and let Bt ∈ Ω2(M,R), t ∈ R be a family of
real closed 2-forms with B(0) = 0. Applying a gauge transformation to pi0 gives rise
to the following family of Poisson structures for t sufficiently small in R:
pit = pi0(1 +Btpi0)
−1. (85)
This family satisfies the differential equation
p˙it = −pitB˙tpit = − ∧2pit(B˙t), (86)
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expressing the fact that pit has velocity given by the infinitesimal gauge transformation
by B˙t. This is a special case of what Sˇevera called a Hamiltonian family of Poisson
structures [27, 28]. Notice the analogy: if A is a closed 1-form, then pit(A) is (locally)
an infinitesimal Hamiltonian symmetry, whereas for B a closed 2-form ∧2pit(B) is a
Hamiltonian deformation. As Sˇevera remarked, the differential equation (86) may
be expressed as the integrability condition of an interesting Dirac structure D ⊂
(T ⊕ T ∗)(M × R) on the total space of the family, which we may describe as follows:
D|M×{t} = {f∂t + pitξ + ξ : f ∈ Ω0(M), ξ ∈ Ω1(M)} (87)
Proposition 6.1. The Dirac structure D defined above is involutive with respect to
the 3-form H = dt∧B˙t ∈ Ω3(M×R) if and only if pit is a family of Poisson structures
satisfying the differential equation (86) for a closed 2-form B.
Proof. Involutivity for sections of the form pitξ+ξ holds since pit is a Poisson structure.
The only remaining condition is the Courant bracket
[∂t, pitξ + ξ]H = ξ˙ + pitξ˙ + p˙itξ + ipitξi∂t(dt ∧ B˙t)
= ξ˙ + pitξ˙ + p˙itξ + ipitξB˙t,
(88)
which lies in D for all ξ if and only if pitB˙tpit = −p˙it, as required.
The Dirac structure D in the construction above is characterized by the fact that
it is complementary to the Dirac structure defined by the projection p : M × R → R
defining the family itself, namely
F = ker(p∗)⊕ ann(ker(p∗)) = TM ⊕ T ∗R. (89)
Since D and F are complementary, we may take the dirac sum D−F , and this recovers
the Poisson structure on M × R defined by the family pit:
D − F = Γpit . (90)
We also see from this that D fits into the following exact sequence:
0 // Γpit // D
p∗ // p∗TR // 0 (91)
Such an exact sequence of Lie algebroids leads to a similar short exact sequence of the
corresponding Lie groupoids1
0 // Gpit // GD
q
// Π1(R) // 0 , (92)
with the important consequence that if [γ] ∈ Π1(R) is a path from 0 to t, then
Qγ = q
−1([γ]) defines a Morita equivalence between the Lie groupoids Gpi0 and Gpit .
Furthermore, as shown in [6], the fact that D is a Dirac structure means that its
Lie groupoid GD is endowed with a distinguished 2-form defining a multiplicative
presymplectic structure. The restriction of this 2-form to Qγ is then a symplectic
structure making Qγ into a symplectic Morita bimodule, in the sense of [30], between
the Poisson manifolds (M,pi0) and (M,pit). In this way, the Dirac structure D gives
an alternative approach to the result, originally observed in [5], that gauge-equivalent
Poisson structures are Morita equivalent.
1We do not address issues of integrability and source-connectedness here.
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6.2 Complex Hamiltonian families and Dirac structures
The result of Theorems 5.3 and 5.4 was to produce a holomorphic family β = {βt, t ∈
C} of closed complex 2-forms, with β0 = 0 and ∂tβ(0) = ω1, such that its action on
the holomorphic Poisson structure σ0 by gauge transformation produces a family σt
of holomorphic Poisson structures. In terms of the corresponding Dirac structures we
have eβtLσ0 = Lσt . By assumption, ∂tβ(0) = ω1 is of type (2, 0) + (1, 1) relative to
the initial complex structure I0. We may however repeat this analysis at any other
time t0: first note that
Lσt = e
βt−βt0 eβt0Lσ0 = e
βt−βt0Lσt0 = e
β˜tLσt0 , (93)
for β˜t = βt − βt0 . As a result of Theorem 5.3, this gives rise to the following Maurer-
Cartan element for the Koszul bracket of σt0 :
ω˜t = (1 + β˜tσt0)
−1β˜t. (94)
Since the resulting deformation of Lσ0 remains Poisson, ω˜t must remain of type (2, 0)+
(1, 1) relative to the complex structure It0 . As a result, we have that the closed form
∂tω˜|t0 = ∂tβ˜
∣∣∣
t0
= ∂tβ|t0 (95)
has type (2, 0)+(1, 1) relative to the complex structure It0 . In conclusion, we obtain the
following “differential” characterization of the family of Poisson structures constructed
in Theorem 5.4. We may consider it to be a holomorphic version of the Hamiltonian
family described in the previous section.
Theorem 6.2. The family (It, σt) of holomorphic Poisson structures constructed in
Theorem 5.4 via the family of closed 2-forms β has the following derivative at each
time t:
∂tIt = −2iσt(α1,1),
∂tσt = ∧2σt(α2,0),
∂tσt = σtα1,1σt + σtα1,1σt.
(96)
where α = ∂tβ and the projections to the (2, 0) and (1, 1) components are taken with
respect to the complex structure It at time t.
Remark 6.3. In particular, we see from the first two equations that at all times t, the
Poisson deformation has Kodaira-Spencer class in H1(X≥1t [1]) given by the image of
[∂tβ] ∈ H1(Ω≥1t [1]) under ∧•σ, generalizing [21, Proposition 5].
Proof. Let φ(t) ∈ Ω0,1(T1,0(I0)) be a Maurer-Cartan element deforming the complex
structure I0 to It. This means that the real operator on TC = T1,0(I0)⊕ T0,1(I0)
A =
(
1 φ
φ 1
)
relates the two holomorphic tangent bundles via A(T1,0(I0)) = T1,0(It). Therefore
It = AI0A
−1. Note also that A is only invertible if S = (1 − φφ)−1 exists. The
projection operator to T1,0(It) is given by
P = A
(
1 0
0 0
)
A−1.
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So, the derivative along the complex vector field ∂t is given by
∂tP = [∂tA,P ] = [∂tφ(t), P ] = −∂tφ(t). (97)
So, using the fact that P = 12 (1 − iIt), we obtain that ∂tIt = −2i∂tφ(t). In our
situation φ(t) = σt0(ω˜
1,1
t ), so by (95), and setting t0 = t, we obtain the first equation
in (96). For the second equation, we use the fact that σt = ∧2P (σt0 + ∧2σt0(ω˜2,0t )).
Differentiating, we obtain
∂tσ|t0 = ∂tP |t0σt0 + σt0∂tP ∗|t0 + ∧2σt0(∂tω˜|2,0t0 ).
The first two terms vanish, using (97) and the fact that σ(ω˜1,1t )σ = 0 since σ has type
(2, 0). The result then follows from (95). For the last equation, we proceed in the
same way, now using that ∂tA = ∂tφ(t). This then implies that ∂tP = ∂tφ(t), giving
∂tσ|t0 = ∂tP |t0σt0 + σt0∂tP ∗|t0 + ∧2σt0(∂tω˜|2,0t0 ).
In this case, the third term vanishes since β(t) is analytic in t, whereas the first two
terms give the required result, since ∂tP = ∂tφ(t) = σt(∂tβ1,1).
The system of equations (96) has an interesting interpretation in terms of Dirac
geometry, which we now briefly describe. The underlying deformation of complex
structure determines a complex structure on the total space X = M×C with operator
I|M×{t} = It ⊕ i, for which the projection p : X → C is a holomorphic submersion.
Since ∂tβ is closed and has vanishing (0, 2) component relative to It, it defines a closed
(2, 0) + (1, 1) form on the total space X, and hence a closed (3, 0) + (2, 1) form
H = dt ∧ ∂tβ. (98)
By the classification of holomorphic Courant algebroids in [18], such a form defines a
holomorphic Courant algebroid in the following way. First, we use the (2, 1) component
H2,1 to deform the holomorphic structure on the vector bundle E = T1,0⊕T ∗1,0: viewing
H2,1 as a map H2,1 : T1,0X → T ∗0,1X ⊗ T ∗1,0X, we define the holomorphic structure
∂E =
(
∂ 0
−H2,1 ∂
)
. (99)
The symmetric bilinear form on E is as usual, i.e. 〈X + ξ, Y + η〉 = 12 (ξ(Y ) + η(X)),
and the Courant bracket is twisted by the given 3-form:
[X + ξ, Y + η]H = LX(Y + η)− iY dξ + iY iXH. (100)
This induces a holomorphic Courant bracket on the sheaf of ∂E–holomorphic sections.
Furthermore, E contains two holomorphic Dirac structures D,F , defined similarly
to the real case described in Section 6.1:
F = TCM × (T0,1C⊕ T ∗1,0C),
D|M×{t} = Lσt × TCC.
(101)
As in the real case, we obtain a Poisson structure by taking the Dirac sum: D−F = Lσ
defines the holomorphic Poisson structure on X which is σt on each fiber; the map
pi is a Casimir, so that each fiber of pi is a Poisson submanifold of X. Note that
F ∩D = T0,1X, which means that F and D are complementary from the point of view
of the holomorphic category (more precisely, after holomorphic reduction as described
in [18], they become complementary holomorphic Dirac structures). Axiomatizing the
above situation, we obtain the following.
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Definition 6.4. A 1-parameter Hamiltonian deformation of holomorphic Poisson
structures consists of the following:
1. A holomorphic submersion p : X → C,
2. A holomorphic Courant algebroid E on X compatible with p in the sense that
it is equipped with a holomorphic Dirac structure F ⊂ E with pi(F ) = ker(p∗),
where pi : E → TCX is the anchor.
3. A holomorphic Dirac structure D ⊂ E complementary to F .
The analogous result to Proposition 6.1 is then
Proposition 6.5. The structures (X, p,E, F,D) given above ( (98)–(101)) define a
1-parameter Hamiltonian deformation of (I, σ) if and only if (It, σt, βt) satisfies the
system (96).
We leave the detailed investigation of this result and its implications to future
work; our only aim here was to explain how Hitchin’s unobstructed deformations are
in fact Hamiltonian families, controlled by a Dirac structure in a holomorphic Courant
algebroid. As in the real case, this implies that while the family of holomorphic Poisson
structures may be non-isomorphic (even as complex manifolds), they remain in the
same symplectic Morita equivalence class.
7 Generalized Ka¨hler deformations
In order to use the unobstructedness result (Theorem 5.4) as an input to Theorem 4.8
for the purpose of deforming generalized Ka¨hler structures, we must impose that the
family of closed 2-forms βt be real for all t ∈ R in a neighbourhood of the origin. The
proof of Theorem 5.4 carries through with minor changes, as long as we make the
further assumption that the following composition is surjective (which is the case, for
example, for Ka¨hler manifolds):
H2(M,R) ↪→ H2(M,C)→ H2(M,O). (102)
Theorem 7.1. Let (M, I, σ) be a a compact holomorphic Poisson manifold for which
the natural map H2(M,R)→ H2(M,O) is surjective, and fix a real closed (1, 1)-form
ω1 ∈ Ω1,1(M,R) . Then there is a family F (t) of closed real 2-forms, analytic in t,
for t in a neighbourhood of 0 ∈ R, with F (0) = 0, ∂tF (0) = ω1, and with the property
that ω(t) = ψ(F (t)) = (1 + F (t)σ)−1F (t) has vanishing (0, 2) part.
The corresponding Maurer-Cartan element σ(ω(t)) defines a deformation of holo-
morphic Poisson structure (It, σt) in which the complex structure It varies with Kodaira-
Spencer class [σ(∂tF )] ∈ H1(T1,0(It)) at each time t and the Poisson structure is given
by the projection of σ to its (2, 0) component relative to It.
Proof. The proof is similar to that for Theorem 5.4 (using notation F instead of
β), inductively constructing F = tω1 + t
2F2 + t
3F3 + · · · , but with the following
modifications. We choose a splitting H ⊂ H2(M,R) for the projection to H2(M,O).
Defining rk+1 via ψ(F≤k)0,2 = tk+1rk+1 (mod t)k+2, we take r˜k+1 ∈ Ω2(M,R) be the
unique harmonic lift of rk+1 such that [r˜k+1] ∈ H. Then
r˜0,2k+1 − rk+1 = ∂γk+1 (103)
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for a unique γk+1 ∈ Ω0,1 in the image of ∂∗. We then define Fk+1 = −r˜k+1 +d(γk+1 +
γk+1). The rest of the construction is the same as for Theorem 5.4.
Since F is real and we showed in Section 6.2 that ∂tF must have type (2, 0)+(1, 1)
relative to It, it follows that ∂tF has type (1, 1) at all times. By Proposition 6.2, we
obtain the required description of the Kodaira-Spencer class, and finally we use (81)
and the fact that ρ = 0 for this deformation to obtain that σt = ∧2P1,0(t)(σ0), where
P1,0(t) is the projection to T1,0(It), as required.
Combining Theorems 7.1 and 4.8, we immediately obtain the following partial
unobstructedness result for arbitrary generalized Ka¨hler structures:
Corollary 7.2. Let (M, J1(0), J2(0)) be a compact generalized Ka¨hler manifold with
underlying holomorphic Poisson structures (I±, σ±). Assume H2(M,R)→ H2(M,O)
is surjective for the complex structure I+. Then for any closed (1, 1)-form ω1 ∈
Ω1,1(M, I+), there is a deformation of generalized Ka¨hler structures (J1(t), J2(t)) for
t in a nonempty neighbourhood of 0 ∈ R, with the property that (I−, σ−) remains fixed
and (I+, σ+) deforms with Kodaira-Spencer class [σ+(ω1,1)].
In addition to this result about deformations of an existing generalized Ka¨hler
structure, we may apply Theorem 7.1 to construct generalized Ka¨hler structures on
any Ka¨hler manifold equipped with a holomorphic Poisson structure, following Ex-
ample 4.7. The existence of these structures is already known through the stability
theorems of Goto [13, 12]; he actually used them to deduce the partial unobstructed-
ness of the holomorphic Poisson structure. Corollary 7.3 provides a complementary
approach, using the unobstructedness of the Poisson structure to obtain the general-
ized Ka¨hler structures.
Corollary 7.3. Let (M, I, σ) be a compact holomorphic Poisson manifold and ω
a Ka¨hler form. Then there is an analytic family of generalized Ka¨hler structures
(J1(t), J2(t)), for t in a nonempty neighbourhood of 0 ∈ R, which coincides with the
given Ka¨hler structure at t = 0 and has the property that its underlying holomorphic
Poisson structure (I+(t), σ+(t)) is given by (I, tσ), while (I−(t), σ−(t)) is a deforma-
tion of (I, σ) with Kodaira-Spencer class given by [σ(ω)] ∈ H1(T ).
Proof. Theorem 7.1 provides a family F˜ (t) = tω + O(t2) of real closed 2-forms such
that Lσt = e
F˜ (t)Lσ defines a family of Poisson structures with the required Kodaira-
Spencer class. Scaling the Dirac structures by t−1 and defining F (t) = t−1F˜ (t), we
obtain the relation
Ltσ−(t) = e
F (t)Ltσ. (104)
Following Proposition 4.6, we define F− = F and F+ = B = 0 and obtain the complex
Dirac structures
L1(t) = e
iF (t)Ltσ/2i, L2(t) = e
iF (t)TC = ΓiF (t), (105)
we obtain the required generalized Ka¨hler deformation of (I, ω).
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